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Size of microvesicles from charged surfactant bilayers:
Neutron scattering data compared to an electrostatic model

J. Oberdisse and G. Porte
Groupe de Dynamique des Phases Condense´es, UMR 5581 du CNRS, Universite´ Montpellier II, Case Courier 26,

Place Euge`ne Bataillon, 34095 Montpellier Cedex 05, France
~Received 10 February 1997!

Electrostatic interactions can have a decisive influence on the shape and size of supramolecular aggregates.
Recently, we reported on a study of the curvature instability of charged surfactant membranes. At high dilution
~volume fraction less than 2 or 3%!, microvesicles with a radius of less than 100 Å were found at thermal
equilibrium. In the experimental section of this paper, we present a detailed investigation of the size of these
vesicles as a function of charge, concentration, and salinity again using small angle neutron scattering. In the
theoretical section, we propose a quantitative electrostatic cell model, which predicts vesicle sizes in good
agreement with experiment. It is based on a numerical solution of the Poisson-Boltzmann equation, which
allows the area densities of amphiphilic ions to equilibrate between the inner and outer monolayers of the
vesicles, and the counterions to exchange from the inside to the outside of the vesicle.
@S1063-651X~97!11108-4#

PACS number~s!: 82.70.Dd, 61.12.2q, 82.65.Dp
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INTRODUCTION

In recent years several theoretical investigations@1–10#
have been reported dealing with the bending elasticity
charged surfactant bilayers. Bilayers built up from identi
monolayers stuck opposite to one another in a symmetr
manner have zero spontaneous curvature, so that their b
ing elasticity is written according to Helfrich@11#

dE5@ 1
2 k~c11c2!21k̄c1c2#dA, ~1!

wheredE is the free energy spent to bend an area elem
dA of a membrane with the principle local curvaturesc1 and
c2 . k andk̄ represent, respectively, the mean and Gaus
curvatures rigidity moduli of the bilayer. For charged bila
ers each bending modulus bears two contributions. The
one, the intrinsic bending elasticity, arises from the pack
requirements of the surfactant molecules within the bilay
it would be present even in the absence of charges.
second one is a specific effect of charges and correspon
the free energy involved upon bending the electrost
double layers. It can be expressed in terms of the elec
static contributionskelec and k̄elec to the total mean and
Gaussian curvature rigidity modulik and k̄. The above the-
oretical calculations predict thatkelec is always positive,
whereas in some casesk̄elec is negative. At sufficient area
charge density for the bilayer and at low salt content in
aqueous solvent, the negative contribution ofk̄elec can be-
come comparable to the positive contribution ofkelec and
entropically stabilized~polydisperse! vesicles can be formed
At even higher charge densities, the softening effect ofk̄elec
dominates the positive stiffening ofkelec, and one expects
the flat bilayer to become unstable against spontaneous b
ing, leading to the formation of thermodynamically stab
presumably very small vesicles.

A number of interesting experimental evidences of
formation of vesicles, or ‘‘onions’’~multilamellar vesicles!,
561063-651X/97/56~2!/1965~11!/$10.00
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have been reported for different surfactant systems@12–23#,
some of them forming charged bilayers. The system stud
by Kaler and co-workers@18–20# consists of mixed anionic
and cationic surfactants in pure water: vesicles actually fo
when the composition in oppositely charged species devi
significantly from stoichiometry, so that the bilayers bea
finite area charge density. In the experimental work of Ho
man and co-workers@12–14#, the regular lamellar phase of
nonionic surfactant system is charged by the addition
small amounts of an ionic surfactant, and again spontane
bending is observed, revealed by the formation of multi
mellar ‘‘onionlike’’ structures. We ourselves investigated
similar system made of initially neutral bilayers charged b
small proportion of an ionic amphiphile@23#: besides the
onionlike structure which occurs at moderate surfactant c
centration, we found in the very dilute range~typically below
2 or 3% volume fraction! solutions of thermodynamically
stable single wall microvesicles with a radius below 100
So, all these experimental facts nicely meet the theoret
expectation that charges induce bending of bilayers~espe-
cially Refs.@1# and @2#!.

However, up to now theories are usually worked out
the form of a perturbative expansion of the free energy of
bilayer in the limit of local curvatures small compared to t
inverse of the Debye screening lengthld

21. In this respect,
they are indeed reliable to predict the onset of the sponta
ous bending. But once the process has started, they ca
evaluate at what equilibrium curvature it will end up. Th
limitation is specially dramatic in the case of the syste
mentioned above where—in the absence of added salt—
microvesicles have very small radii. They exist only in
very limited range of the phase diagram and are unsta
with respect to small additions of electrolyte~.5
31024 M NaCl!. The purpose of the present work is to in
vestigate this situation in more detail.

Our work is organized in two parts. In the experimen
part, we again use neutron scattering to characterize
1965 © 1997 The American Physical Society
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1966 56J. OBERDISSE AND G. PORTE
structure of the microvesicles in the dilute range of o
former system. In addition to the classical form factor
hollow shells, including the size polydispersity, the inte
vesicle structure factor is now incorporated into the d
treatment following the Hayter-Penfold procedure with t
renormalization of Hansen and Hayter@the rescaled mean
spherical approximation~RMSA!# @24#. We are thus able to
measure with high precision the mean radius and the p
dispersity in size of the microvesicles as function of the a
charge density, the solvent salinity, and the total amphip
concentration. In the theoretical part, we interpret these e
lutions quantitatively in terms of a simple model accounti
for the free energy of the counterion cloud around
vesicle. The model has the same basic structure as the
used by others@25,26#. The charge distribution is calculate
numerically within a cell model according to the~nonlinear-
ized! Poisson-Boltzmann~PB! equation, similar to the one
proposed in Ref.@27#. We explicitly allow for different ionic
concentrations inside and outside the vesicle and diffe
area charge densities for the inner and outer monolay
which implies that the ions are able to leak trough the a
phiphilic membrane. The only adjustable parameter is
effective intrinsic bending elasticityk̃eff(5k1k̄/2) of the
neutral bilayer, which is found to be in the expected range
somekBT. We show that such a model, which treats mic
scopic details such as hydrocarbon packing constraint
polar head interactions only through one effective bend
constant, is capable of reproducing general phase beha
and vesicle parameters surprisingly well.

EXPERIMENTAL SECTION

As in @23#, we start with the electrically neutral system
Triton X-100 is the nonionic surfactant and octanol is t
neutral cosurfactant. A regular lamellar phase is obtaine
the absence of an ionic additive over a very large range
dilution in pure water, provided thatV, the cosurfactant to
surfactant ratio, is set in the appropriate range: 0.35,V
,0.5 in weight fraction. The ionic additive used is cetylp
ridinium chloride~CPCl!. Its relative amountG is defined in
weight fraction as:G5@CPCl#/~@CPCl#1@TX100#1@Oct#!.
The total concentrationf of amphiphile in weight fraction is
f5~@CPCl!1@TX100#1@Oct#!/@total sample mass#.

Triton X-100 is purchased from Labosi: it is the technic
grade product manufactured by Union Carbide and we u
it with no further purification. This surfactant of great indu
trial interest cannot be considered as a pure chemical c
pound: in particular, there is some polydispersity in the po
oxyethylene chain length distribution around the average
9.5. In order to preserve mutual consistency between dif
ent samples, all solutions were made from the same TX
batch. Octanol is purchased from Carlo Erba ‘‘Analytical
grade and used as received. Water is first doubly distilled
then further deionized using standard ion exchange re
down to a conductivity of less than 1021 mSiemens/cm. A
5% solution of TX100 exhibits about the same electrical c
ductivity as a 531024 M KCl solution: in order to eliminate
the free ions, the surfactant is first dissolved in water and
solution obtained deionized with an ion exchange resin. S
cial attention is paid to a possible adsorption of TX100 to
ion exchange resin, which is found to be less than 2% in
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cases. Octanol is not expected to bring in charges, which
confirmed by conductivity measurements. The ionic surf
tant used as the additive is cetylpyridinium chloride~CPCl!
purchased from Fluka~purum grade! and purified along sev-
eral recrystallizations from an ethanol-acetone mixtures.

A. Phase behavior

In Fig. 1, we show the phase diagram first reported
@23#. The horizontal axis corresponds to the total amphiph
concentrationF and the vertical axis to the cosurfactant
surfactant ratioV. This section of the total phase behavior
taken at a fixed temperature (T520 °C), atmospheric pres
sure, and fixed relative amount of CPCl (G53.55%). In the
high V range ~between 0.4 and 0.8!, where bilayers are
stable, we find two distinct phases: at moderate dilution~f
.3 or 4%!, onionlike multilayered objects are stable makin
the phase very viscoelastic; at high dilution~f,2 or 3%
typically! a very fluid dispersion of vesicles is found whic
we denoteL4 : it is continuously connected to the regul
micellar phaseL1 at lowerV. In the following sections, we
investigate in detail the microscopic structure of this dilu
vesicle phase.

B. Neutron scattering

All neutron scattering data are collected on linePACE at
the Laboratoire Leon Brillouin in Saclay. For all sample
D2O is used as the aqueous solvent for obvious contrast
sons. A typical scattering pattern obtained in the dilu
vesicle phase is shown in Figs. 2 and 3~full circles!. The
composition of the corresponding sample isF51%, V
50.5, andG54%.

The purpose of our work is to investigate the interplay
charge and structure in the case of the microvesicles.
therefore concentrate on the determination of the charac
istics of the vesicle phase—mean radius and s
polydispersity—as a function of the chargeG, the salinity of
the aqueous solvent, and the total concentration in a
phiphile. All scattering data, such as those of Fig. 2,
analyzed by modeling the scattered intensity in terms of
form factor of the individual vesicles in combination with th
structure factor accounting for the spatial distribution of th
center of mass.

FIG. 1. Dilute part of the phase diagram of the syste
TX100/octanol/CPCl/H2O.
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56 1967SIZE OF MICROVESICLES FROM CHARGED . . .
1. Form factor

We expect the scattering patterns to reveal aggreg
having the form of small vesicles. Due to the unknown d
gree of hydration of the oxyethylene head groups, the pro
of the scattering length density across the bilayer is m
probably not a rectangular single step: we rather expect
be maximum inside the dry hydrophobic core and to
crease smoothly through the layers of hydrated head gro
A first plausible description of the contrast profileDr across
the bilayer is a Gaussian function of width 2D.

Dr5DrmexpS 2
z2

2D2D , ~2!

where z is the coordinate normal to the bilayer. A dilu
lamellar sample consisting of such diffuse~Gaussian! layers
would scatter according to

I ~q!52pFVA

Drm
2

q2 exp~2q2D2!, ~3a!

where Drm is the maximum contrast in the middle of th
bilayer in cm/cm3, VA is the bilayer volume per unit area
andF the surfactant volume fraction. On the other hand,

FIG. 2. Scattered intensityI (q) for the sampleF51%, V
50.5, G54% ~full circles!, compared to a fit~full line! according
to Eqs.~6!, ~7!, and~8!.

FIG. 3. Scattered intensity~full circles! and fit ~full line! in the
Guinier representationq2I (q) appropriate for bilayers for the
sampleF51%, V50.5, G54%.
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scattered intensity in the case of a rectangular single
profile of width d and average contrast across the bilay
Dra would be

I ~q!54p
F

d
Dra

2 @12cos~qd!#

q4 . ~3b!

In order to characterize the bilayers quantitatively, we fi
collected the scattering pattern of a very dilute~F51%,
V50.5, G50., see full circles in Fig. 4! lamellar sample of
the neutral system. A fit using expression~3a! yields 2D
520 Å and Drm5631010 cm22, whereas expression~3b!
givesd533 Å andDra55.431010 cm22, which is compa-
rable to the dry layer thicknessDdry5F(2p/q0)530 Å de-
termined from the positionq0 of the Bragg peak as a func
tion of concentrationF. The Dr values are typical for
aliphatic chains in heavy water. Neither one of the two mo
els is completely satisfactory in the highq range, but further
refinements of the model profile would be physically n
very meaningful. All form factor fits rely on these values f
the contrast~Drm or Dra! and the bilayer width~D or d!.
The form factor of a vesicle made of a Gaussian bilayer
width 2D and of mean radiusR can be calculated accordin
to @28#

PGauss
ves ~R,q!532p3Drm

2 exp~2q2D2!Fcos~qR!D3

1R
D

q
sin~qR!G2

, ~4!

whereas the form factor calculated with a rectangular sin
step of widthd5Ro2Ri , mean radiusR5(Ro1Ri)/2, in
vesicular geometry is given by

Pstep
ves~R,q!5

16p2Dra
2

q6 @sin~qRi !2qRicos~qRi !2sin~qRo!

1qRocos~qRo!#2, ~5!

whereRi andRo are the inner and outer radius, respective

FIG. 4. Scattered intensity in the Guinier representat
q2I (q) for the sampleF51%, V50.5, G50 ~full circles!. Full
lines are fits according to Eqs.~3a! and ~3b!.
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1968 56J. OBERDISSE AND G. PORTE
2. Structure factor

The physical situation corresponds to a gas of char
objects surrounded only by their counterions and there
strongly interacting over large distances. The conductivity
the neutral sample, about 1mS/cm, corresponds to a Deby
screening lengthld of the order of thousands of Å. Electro
static interactions therefore induce strong local correlatio
which manifest themselves in the strong maximum visible
the scattered intensityI (q), see Fig. 2.

A satisfactory description can be obtained using the a
lytical structure factor calculated by Hayter and Penfo
with the high charge renormalization of Hansen and Hay
@24#. Special attention has to be paid to the fact that
vesicles are filled with solvent. Such a model structure fac
makes use of a Debye-Hu¨ckel description of the vesicle
interaction potential. In the absence of salt, and the elec
surface potentials being very high, the use of this struct
factor will supply us with effective values only for the charg
area density and for the screening lengthld . We therefore
enforce an effective value for the screening length calcula
from the counterion density only, which is 150 Å for a typ
cal sample~F51%, G54%!. Since we are dealing with a
isotropic fluid consisting of spherically symmetric aggr
gates, the scattered intensity can be written

I ~q!5
Nves

V
S~q!Pstep/Gauss

ves ~R,q!, ~6a!

where Nves/V is the number of vesicles per unit volum
S(q) is the structure factor andPstep/Gauss

ves (R,q) is the form
factor which may include polydispersity. This last equati
~6a! holds for sufficiently monodisperse size distributions
low volume fractions, where the correlations between po
tion and size—large vesicles surrounded by smaller one
are negligible. Strictly speaking, the factorization is on
possible in the case of a perfectly monodisperse distribu
of hard spherical objects. As soon as polydispersity com
in, the measured structure factor obtained by inverting
~6a!

S~q!}I ~q!/P~q!, ~6b!

—where P(q) is an average form factor—is not a pure
statistical mechanical quantity any more, as it has b
shown by Klein and D’Aguanno@29#. However, as has bee
pointed out, e.g., by Belloni@30#, the measured structur
factor S(q) can be reasonably well described as a statist
mechanical quantity for low volume fractions: it is then t
Fourier transform of the pair correlation function obtain
from the Ornstein-Zernike equation~plus closure relation!.
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The use of the MSA closure, together with the renorm
ization by Hansen and Hayter, has proven to give a satis
tory description of the scattered intensity for various charg
‘‘soft’’ objects ~micelles, vesicles, . . . ! @31,32#.

We further suppose that vesicle-vesicle interactions w
have no impact on the form of the vesicle, nor on the dis
bution of surfactant within the bilayer. This seems reas
able as we are in a very dilute regime, where interves
distances are a lot bigger than vesicle radii. For instanc
simple estimation~using the Yukawa potentiel, cf.@24#! of
the electrostatic interaction energy of vesicles carrying
elementary charges, of a mean radius of 70 Å at a conc
tration of F51.0% ~thus at a average distance of 560 Å! in
water yields 0.25kBT per vesicle pair. This interaction ha
important consequences on the average position of ves
in solution, but it is negligible with respect to a typical d
formation energy of the vesicle, which is in a first ord
approximation 8p k̃'75kBT.

3. Polydispersity and smearing

Polydispersity in size can be introduced assuming
Gaussian size distribution

1

A2pDR

expS 2
~R2r !2

2DR
2 D , ~7!

wherer is the mean radius of the distribution and (2DR)/R
the polydispersity, by appropriate convolution of the for
factorsPstep/Gauss

ves (R,q). Note that this simple procedure ne
glects shape fluctuations at constant size and the polydis
sity as derived from such fits can therefore only be seen a
indicative value. Similarly, we take into account the Gau
ian distribution of wavelengths of the incident neutrons

1

A2pDl

expS 2
~l2lm!2

2Dl
2 D , ~8!

following the procedure given, e.g., in Ref.@33#. The wave-
length spread (2Dl)/lm of the order of 10% is due to the
mechanical wavelength selector geometry. We suppose
this effect dominates collimation effects and intens
smoothing related to the limited spatial resolution of the d
tector elements, which is true at least in the intermediate
high-q ranges.

4. Results

A typical fit of the scattering pattern obtained in th
vesicle phase is shown in Figs. 2 and 3, where two differ
representations have been used: Fig. 2 showsI (q) versusq
TABLE I. Mean radiusR and polydispersity (2DR)/R of microvesicles as a function of chargeG with
F51% andV50.5, no salt.

Charge
G G51% G51.5% G52% G53% G54% G55% G57%

R ~Å! 15165 12265 9965 7165 5665 5065 4265

2DR

R
.50% 40% 35% 31% 28% 30% 35%
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TABLE II. Mean radiusR and polydispersity (2DR)/R of microvesicles as a function of concentrationF
with G55% andV50.6, no salt.

Concentration
F F50.3% F50.6% F50.9% F51.2% F51.5%

R ~Å! 3465 4565 5365 5865 6665

2DR

R
60% 30% 30% 30% 30%
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t is
~full circles!, whereas Fig. 3 displaysq2I (q) versusq, a
representation appropriate for bilayer structures~full circles!.
The sample characteristics areF51%, V50.5, and G
54%. The full line corresponds to a fit using Eqs.~6a!, ~7!,
and ~8! in combination with the Gaussian vesicle form fa
tor, Eq. ~4!. The Gaussian wavelength spread is (2Dl)/lm
510% and the polydispersity in size of the microvesicles
(2DR)/R528%. The positionqo50.015 Å21 of the peak of
the structure factorS(q) is well reproduced by the Hansen
Hayter-Penfold analytic structure factor, provided that
effective charge of the vesicle has taken 38 elemen
charges. This fitted value has to be compared to the t
number of charged monomers in the bilayer which is
proximately 80 in this particular case. One reason for
discrepancy is the shielding of charges due to counter
inside the vesicle. Another is that we are in a situation wh
the fully nonlinear Poisson-Boltzmann equation has to
used, and that the Hansen-Hayter-Penfold analytical st
ture factor relies on a Debye-Hu¨ckel-type potential. Consid
ering the level of approximation, the fitted value of the e
fective charge seems reasonable. The position of the pea
the structure factor can be traced back to the size of
aggregates, since the concentrationF is known. This pro-
vides an additional check of the aggregate geometry,
coincides well, as we have shown in@23#. Additional infor-
mation about the average size is contained in the abso
intensity scale used. The most important check of the ves
structural parameters is, of course, given by the form fac
The oscillations in the high-q part of the scattered intensit
can easily be shown to be inconsistent with the form fac
of a full sphere~globular micelles!, and they clearly envelop
the form factor of a flat bilayer. The two models propose
i.e., on the one side the Gaussian profile representing a
uniform hydration of the polyoxyethylene headgroups of T
ton X-100, or, on the other side, the single step profile, b
reproduce the form factor reasonably well. In addition
that, we repeated all fits with and without size polydispers
in order to check the influence of the choice of a Gauss
size distribution function. The radii obtained from all type
fits are close to each other, so we conclude for the samp
Fig. 2 that the mean radius of the vesicles isR55665 Å.
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We have performed series of similar experiments, vary
the cosurfactant-to-surfactant ratioV, the chargeG, the con-
centrationF, and the salinity. The relatively large range
parameters explored experimentally will allow a check of t
results of the model presented in the theoretical section.
fitting procedure has been automatized, and all fits resem
in essence, the fit presented in Fig. 2.

Table I lists the average radiusR of microvesicles as a
function of charge~G!, keeping the total amphiphile concen
tration F51%, and the cosurfactant-to-surfactant ratioV
50.5 constant. This result is also drawn in Fig. 7. We o
serve a monotonic decrease of the vesicle radius with
creasing charge, down to very small radii. At high char
(G.5%), thescattered intensities still show the charact
istic oscillations of the vesicle form factor. Satisfactory fi
in terms of vesicles only, however, cannot be obtained
more, and we conclude that smaller objects, presumably
celles, coexist with the vesicles in solution.

In Table II ~and also Fig. 8! we report the evolution of the
mean radius with concentration~at V50.6 and G55%
fixed!. Microvesicles exist only in a rather narrow dilutio
range. Nevertheless, a systematic increase in size with
creasing concentration is clearly seen. Actually, our elec
static model~see theoretical section! indeed reproduces thi
size increase with concentration. We stress the fact that
scattering pattern of even the very small vesicles atF
50.3% shows the characteristic form factor oscillations w
the high-q asymptotic behavior corresponding to the loc
bilayer structure. Moreover, the scattering pattern of f
spheres~globular micelles! only is again inconsistent with
the data.

Table III ~and also Fig. 10! finally gives the mean radius
as a function of salinity, again starting from a typical vesic
sample~F51%, V50.6,G55%!. As expected, the screen
ing effect due to the salt leads to an increase of the ves
size. The quite surprising instability of the vesicular pha
with respect to salt—the sample at 0.5 mM NaCl is in t
two-phase region—underlines that the electrostatic effec
crucial.
r
TABLE III. Mean radiusR and polydispersity (2DR)/R of microvesicles as a function of salinity fo
~F51%, G55%, V50.6!.

Salinity 0 mM 0.1 mM 0.2 mM 0.3 mM 0.4 mM

R ~Å! 5565 5565 6165 6165 6865

2DR

R
28% 29% 30% 34% 36%
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1970 56J. OBERDISSE AND G. PORTE
THEORETICAL SECTION

In the experimental section, we have investigated a th
modynamically stable phase of microvesicles. They e
only in very dilute solutions, at low salinity and modera
charges. At too high concentrations or too high salinity,
system prefers rearranging itself into a swollen lame
phase. A systematic dependence of the average radius o
total charge can be observed. The aim of this theoret
section is to describe the gas of electrostatically char
vesicles and to derive the size distributionN(R)dR, which
gives the number density of vesicles of radius betweenR and
R1dR. From this distributionN(R), one can derive the av
erage radius and its polydispersity in size, and so check
model against the size measurement.

A. Dominant contributions

Our model includes three contributions.~i! Keeping in
mind the strong dependence of the vesicle radius on cha
we suppose that theelectrostatic contribution@34# to the free
energy is crucial. Given the finite concentration of t
samples, vesicle-vesicle interactions are not negligible,
the ionic cloud of a given vesicle is confined by the prese
of the clouds of surrounding vesicles. We therefore appl
simple thermodynamic cell model@35#. Space is divided up
into cells of the same spherical symmetry as the vesic
Each cell contains one vesicle as well as its co- and co
terions. The size of the cell is chosen such that the conc
tration of each species in a cell equals its global value. T
electrostatic contribution to the free energy is then calcula
for such a cell.~ii ! The intrinsic bending elasticityof the
neutral bilayer due to molecular packing has to be includ
This contribution keeps vesicles from complete electrost
collapse, and we use the Hamiltonian@Eq. ~1!# with an ef-
fective bending elasticity constantk̃eff5keff1k̄eff/2 as a first
order approximation. The intrinsic part of the bending ene
of a spherical vesicle is then 8pk̃eff . ~iii ! We include the
mixing entropy of an ideal gas as an estimate of thetransla-
tional entropyof the microvesicles.

B. Cell model

The model, see Fig. 5, is built up and quantitatively spe
fied so as to realistically represent the experimental si
tions reported above. The bilayer thickness is fixed ad
5Ro2Ri530 Å, as derived from the swelling behavior o
the lamellar phase. The experimental parameters~concentra-

FIG. 5. Vesicle cell model~see text for details!.
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tion F, cosurfactant to surfactant ratioV, chargeG, and sa-
linity ! are translated in terms of the aggregation numberNa
of a vesicle of mean radiusR5(Ri1Ro)/2. The total amount
of CPCl dopant is also translated in terms of the numbe
positive chargesN in the bilayer of the vesicle and of th
number of positive (N1) and negative (N2) ions in solution,
with N25N1N1 due to charge neutrality. All these charg
are confined in the cell of radiusRcell

Rcell5 S Ro
32Ri

3

F D 1/3

, ~9!

such that the amphiphile concentration in the cell is equa
F. The model allows for different counterion concentratio
inside $aN2 counterions% and outside$(12a)N2 counteri-
ons% the vesicle, for different coion concentrations@bN1 and
(12b)N1 , respectively#, and for different surface charg
densities at the inner and outer monolayers

s i5
gNe

4pRi
2 , ~10a!

so5
~12g!Ne

4pRo
2 , ~10b!

wheree is the charge of the proton, anda,b,g are all com-
prised between 0 and 1. For the evaluation of the entrop
mixing of the ions in the monolayers, we estimate the nu
ber of sites of each monolayer. The curvature effect com
into play by offering a different number of sitesSi andSo for
charges on the inner and outer monolayer, respectively,

Si5Na

Ri
2

Ri
21Ro

2 , ~11a!

So5Na

Ro
2

Ri
21Ro

2 . ~11b!

The fraction of sites occupied by the charged species is t
given by

w i5
gN

Si
, ~12a!

wo5
~12g!N

So
. ~12b!

According to Gauss’s theorem, the distribution of charg
parametrized by~a,b,g! sets up the boundary conditions fo
the radial component of the electric fieldE ~all other com-
ponents are zero for symmetry reasons! at the inner radius
Ri , at the outer radiusRo and at the boundary of the ce
Rcell

E~Ri !5
e

4p««oRi
2 ~aN22bN1!, ~13a!

E~Ro!5
e

4p««oRo
2 ~aN22bN12N!, ~13b!
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E~Rcell!50. ~13c!

One then integrates the PB equation for monovalent ion

Dc~rW !52
e

««o
Fn1

o expS 2
ec~rW !

kBT D2n2
o expS ec~rW !

kBT D G ,
~14!

where«o is the vacuum electric permittivity,« is the dielec-
tric constant of water,C the electric potential,kB the Boltz-
mann constant, andn1

o and n2
o are the co- and counterio

densities at zero potential. This integration in spherical sy
metry has to be done numerically, and the result is the e
tric potentialC(r ) and, using the Boltzmann equation, th
spatial distribution of chargesn1(r ) andn2(r ) everywhere
in the cell ~see the Appendix and Ref.@36# for details!.

1. Free energy of a single vesicle in a cell

The electrostatic excess bulk free energy per vesicle
F1

ves can be written as the sum of an electric energy te
proportional to the square of the electric fieldE and an en-
tropy term~using an ideal gas approximation! accounting for
the translational entropy of the ions@35#. It depends on the
experimental parameters~F, V, G, salinity!, on the distribu-
tion of charges~a,b,g! chosen, and on the mean radius of t
vesicleR. We decompose into the contributions of the c
and counterions in the solution surrounding the ves
Fsol, and of the charges in the bilayerFbil. For a given set of
experimental parameters we can write

F1
ves~a,b,g,R!5Fel

sol1Fent
sol1Fel

bil1Fent
bil . ~15!

The energy arising from the electric field is

Fel5
««o

2 E u¹c~rW !u2d3r , ~16!

where the integration has to be carried out over the volu
of interest~aqueous solvent or bilayer!, and« is the dielectric
constant in that medium. The contributions of the bilayer
Fel is

Fel
bil5

e2@~a2b!N11~a2g!N#2

8p«oil«o
S 1

Ri
2

1

Ro
D , ~17!

where«oil is the dielectric constant of the bilayer. The ge
eral expression for the entropy of an ideal gas of ions
solution is given by@37#

Fent
sol5kBTE Fn1~rW !lnS n1~rW !

n̄1
D1n2~rW !lnS n2~rW !

n̄2
D

2@n1~rW !1n2~rW !2n̄12n̄2#Gd3r . ~18!

Equation~18! gives the entropic contribution to the exce
free energy compared to a homogeneous distribution of
ions with densitiesn1 andn2. We choosen1 andn2 to be
the mean densities of each ionic species, which removes
linear terms in Eq.~18!. In the case of the ions in the bilaye
we decompose into the contributions of the two monolaye
-
c-

ll

-
e

e

o

-
n

e

he

s,

and use the usual expression for the ideal entropy of mix
of two species in a monolayer

Fent
bil 5Fent

i 1Fent
o , ~19a!

Fent
i 5kBTSi@w i ln~w i !1~12w i !ln~12w i !#, ~19b!

Fent
o 5kBTSo@woln~wo!1~12wo!ln~12wo!#. ~19c!

In a given experimental configuration~F, V, G, salinity!, the
electrostatic free energy per vesicleF1

ves(R) is found by
minimizing expression~15! with respect toa, b, andg.

2. Free energy of an ensemble of vesicles

Defining theN(R) dR as the number of vesicles of mea
radius betweenR and R1dR per unit volume, we can cal
culate the free energy per unit volume due to the ions
counterions in each vesicle of mean radiusR

F ions
ves5E

d/2

`

F1
ves~R!N~R!dR. ~20!

In addition to that, we include an ideal gas entropy as
approximation for the translational entropy of the vesicle

Fent
ves5kBTE

d/2

`

N~R!F lnS N~R!

No
D21GdR, ~21!

whereNo dR is a fixed reference vesicle density. With th
volumeV(R) of surfactant in a vesicle of radiusR, the con-
servation of the total surfactant volume~volume fractionF!
can be written as

E
d/2

`

V~R!N~R!dR5F. ~22!

This constraint can be fullfilled by including a Lagrang
multiplier m in the total energy minimization. The grand po
tential of the ensembleF tot , with the intrinsic elastic bend-
ing energy contribution per vesicle of 8pk̃eff , then reads

F tot@m,T,N~R!#5E
d/2

`

@F1
ves~R!18pk̃eff#N~R!dR1Fent

ves

2mE
d/2

`

V~R!N~R!dR. ~23!

Its minimization with respect toN(R) yields

N~R!5NoexpS 2@F1
ves~R!18pk̃eff2mV~R!#

kBT D
5NoexpS 2g~R!

kBT D . ~24!

From N(R), we can then derive the mean radius and
polydispersity in size.

C. Results

Using the calculations described above, the electrost
free energy per ion and the mean radius of the vesicles
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be calculated for arbitrary vesicle parameters~charge, con-
centration, bilayer width, etc!. In Fig. 6 we report on a typi-
cal result. The broken line represents the electrostatic
energy due to ions and counterions in vesicular geometr
a function of mean vesicle radiusR and in units ofkBT per
ion, according to Eq.~15!. It is a monotonically increasing
function ofR, which indicates that the electrostatic contrib
tions alone would favor a complete collapse of the vesic
Adding to this free energy the intrinsic bending elastic
contribution of 8pk̃eff , we obtain the dotted line. As ex
pected, forming very small vesicles is now energetically
nalized, and vesicles will adopt some equilibrium radius. U
ing Eq. ~24!, we determine the size distributionN(R) dR,
which gives the number of vesicles per unit volume of av
age radiusR ~full line!. This size distribution function is
symmetric about its most probable value, and the aver
radius and its polydispersity in size~full width at half
maximum/average radius! can be easily deduced.

For comparison with the experimental results listed
Tables I–III, we calculated the average radius, polydisp
sity, and free energy per unit volume expected for a conc
tration of F51%, a cosurfactant to surfactant ratio ofV
50.5, a bilayer width ofd530 Å, and charges ranging from
G51% – 5%. The intrinsic contribution to the bendin
energy—8pk̃eff per vesicle—is included. Fitting the theore
ical mean radius to the mean radius obtained from sm
angle neutron scattering~SANS! yields k̃eff52.760.2kBT,
which is a reasonable order of magnitude for surfactant
layer systems~typically in the range 0.5– 5kBT according to
current literature!. The result—the mean radiusR of the
vesicle as a function of chargeG—is plotted in Fig. 7~full
line!. The experimental values forR are superimposed~with
error bars!. The theoretical polydispersity is about 15%
which is somewhat less than what we observe experim
tally.

The experimental dependence of the mean vesicle ra
R on concentrationF is documented in Table II of the ex
perimental section. This effect is due to the confinemen
the counterions into smaller volumes, and should be rep
duced by the cell model which defines the volume access
to the ionic cloud. In Fig. 8 we plot the mean radius of t
microvesicles as a function of concentrationF ~with error

FIG. 6. Typical model result: Electrostatic excess free ene
per ion ~broken line!; electrostatic excess free energy per ion p
intrinsic bending elasticity contributionk̃eff53kBT ~dotted line!;
size distribution functionN(R) ~full line! for F51%, V50.5, G
53%, no salt.
e
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bars, see Table II!, and superimpose the theoretical res
~full line!. Fitting k̃eff yields 2.960.2kBT.

In the experiment, as can be seen in the phase diag
~Fig. 1!, the vesicles are unstable with respect to increas
concentration. A two-phase region separates highly cur
objects~the microvesicles! from flat or weakly curved meso
structures~lamellar phase, exhibiting spontaneous onion te
tures!. The position of the phase boundary depends ma
on the chargeG, and varies fromF50.6% atG50.5%, to
F52.5% atG510%. In this respect, the electrostatic ce
model presents quite a peculiar behavior which deser
comparison with the experiment: upon increasing concen
tion, it exhibits a first order transition from small to bi
vesicles. This takes place at a concentration ofF55.5%,
which is comparable to the experimental phase transit
g(R) at the transition@Eq. ~24!# is plotted in Fig. 9. Of
course the model cannot reproduce the formation of sme
onions since the geometry of the objects is fixed to unilam
lar vesicles. Nevertheless, we think that the formation of
big vesicle population reveals the higher stability of obje
having lower curvature at higher concentration.

Finally, we calculated the evolution of the mean vesic
radius with salinity. As shown in the experimental sectio
vesicle size should increase with salinity due to electrost
screening effects. In Fig. 10 we compare the experime
results to our model results, using an effective intrinsic be

y FIG. 7. Comparison of experiment~with error bars! and model
results (k̃eff52.760.2kBT): mean vesicle radius as a function o
chargeG for V50.5, F51%; no salt.

FIG. 8. Comparison of experiment~with errorbars! and model
results (k̃eff52.960.2kBT): mean vesicle radius as a function o
concentrationF for V50.6, G55%; no salt.
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56 1973SIZE OF MICROVESICLES FROM CHARGED . . .
ing modulus of k̃eff53.160.2kBT. We conclude that the
model reproduces the tendency of the vesicles to grow w
increasing salinity.

CONCLUDING REMARKS

Figures 7, 8, and 10 show that our electrostatic mo
reproduces experimental~SANS! results corresponding to
varying charge densities, concentrations, and salinities fa
well. Its main features are the possibility of the ions
equilibrate across the whole cell according to the Poiss
Boltzmann equation~14! and the approximative treatment o
vesicle-vesicle interaction via the confinement of the io
around the vesicle, expressed by a finite cell radius.
model involves only one free parameter, the intrinsic be
ing elasticity modulusk̃eff , and its fitted value, a fewkBT,
corresponds well to the bending moduli measured in sim
mixed ~surfactant1cosurfactant! systems: it is known from
Ref. @38# that in mixed systems the compositions of the tw
monolayers readjust upon bending so that the effective ri
ity ~at relaxed compositions! is lower than that of pure sys
tems.

Deviations of the model predictions from the experime
tally observed values occur close to phase transition, e.g.
very small vesicles, where the interpretation of the SA
patterns becomes delicate. One of the reasons for this is
possible coexistence of different populations~vesicle-
micelle, or very polydisperse vesicles!. Another is the possi-
bly asymmetric distribution of TX100 and octanol, with th
inner monolayer richer in octanol and the outer one riche
TX100. The contrast profile is then asymmetric about
mean radius. On the other hand, theoretical limitations
introduced by setting the CPCl dissociation constant to
and by the use of ideal gas entropies. In addition to th
introducing the molecular packing requirement in terms
an effective bending constantk̃eff may not be reliable at very
large curvatures. Including higher order terms into Eq.~1!
would make the model too arbitrary. Finally, one could g
rid of the free parameterk̃eff by working out a detailed mi-
croscopic calculation of the intrinsic bending constant,
e.g., done by May and Ben-Shaul@39#. Bergstöm @40# actu-
ally calculated the size distribution of the vesicles obser
by Kaler and co-workers: his predictions closely resem

FIG. 9. Small to big vesicle transition:g(R) for F55.5%, V
50.6, G55%; no salt usingk̃eff53kBT.
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the size distribution determined from electron microscopy
complete thermodynamic model has been worked out
mixed cationic-anionic vesicles by Yuet and Blankschte
@41#. Such calculations are, nevertheless, very complica
and technical.

The theories of the bending elasticity of charged bilay
~especially Refs.@1# and @2#! proposed for the limiting case
lDebye!R, whereR is a typical dimension characterizing th
local curvature, predict a curvature instability for flat isolat
membranes at high area charge density. This is consis
with the observation of the replacement of the highly dilut
lamellar phase by microvesicles when increasing the a
charge density above some critical value. But such theo
cannot predict the characteristics of strongly interacting
crovesicles at equilibrium. Recently, Daicicet al. have pro-
posed a perturbative approach of the Poisson-Boltzm
equation in a spherical cell model@42#, where the free energy
expansion is translated in terms of effective rigidity co
stants: this is an interesting attempt to generalize the fra
of the effective rigidity to the case of nonisolated vesicles
strong electrostatic interaction. But this is still a perturbati
approach~about the flat state!, which in essence is not ap
propriate for very high curvatures and large screen
lengths, as it is the case of microvesicles. In order to mo
these, we had to work out numerical calculations, solving
Poisson-Boltzmann equation for arbitrary curvatures a
screening lengths. A further essential ingredient of our mo
is that it allows for a nonsymmetrical distribution of th
charges in the inner and the outer monolayer of the vesi
and that the co- and counterions can equilibrate across
whole cell ~inside and outside the vesicle!. We worked out
alternative simulations where these internal degrees of f
dom were frozen: the predictions obtained are differ
which means that the internal degrees of freedom have q
titatively important effects.

In conclusion, we have measured the evolution of the s
of the microvesicles with all relevant parameters from ne
tron scattering: the data treatment exploits altogether
form factor of the individual vesicles and the interferen
factor arising from correlations in the positions of their ce
ter of mass. In order to interpret such accurate size meas
ments, we construct a cell model and solve the Poiss

FIG. 10. Comparison of experiment~with errorbars! and model
results (k̃eff53.160.2kBT): mean vesicle radius as a function o
salinity for V50.6, G55%, F51%.
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1974 56J. OBERDISSE AND G. PORTE
Boltzmann equation in the cell: this model is found to ag
well with the scattering data. However, due to the spher
symmetry of the cell, the model has to be solved num
cally: although the agreement is good, it is difficult in the
conditions to understand qualitatively what particular eff
is at the origin of the instability of flat bilayers in favor o
small highly curved vesicles. A possible explanation mig
be the following. The entropy of the counterions strong
favors the dissociations of infinite bilayer into smaller su
units which allow for a more homogeneous distribution
the counterions in space. In this respect, microvesicles
favorable since they represent the smallest aggregates
patible with an association of the surfactant molecules
bilayers. As a matter of fact, in absence of an intrinsic rig
ity k̃eff , the model would predict a complete collapse of t
vesicles. However, this explanation fails when concentra
increases since, very soon, the microvesicles phase sep
with the onion phase~above typically 3% concentration!.
Interestingly, the model predicts as well a ‘‘first order’’ tra
sition to large sizes in the same range. But, up to now,
did not succeed in making sense of this transition fr
simple intuitive arguments.
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APPENDIX: NUMERICAL INTEGRATION

The numerical integration of the PB equation@Eq. ~14!# is
done using a fourth order Runge-Kutta adaptive step s
algorithm. In the case of counterions only,n2

0 is the natural
parameter that has to be varied to fulfill the boundary con
tions, e.g., with a Newton-Raphson algorithm. In the pr
ence of co- and counterions, numerical divergences of
electric potential are more difficult to avoid than in the cou
terion only case. We therefore switched to a hypothetical
reservoir description, which amounts to puttingn1

0 5n2
0

5no and varyno and the value of the potential at the ce
boundaryC0 instead ofn1

0 and n2
0 in order to fulfill the

boundary conditions. no being an averaged value, this pa
of variables is somewhat more intuitive. The problem of t
minimization of the electrostatic free energy as a function
a,b,g is solved in two steps. For a given~a,b! pair, the
minimum, with respect tog, can be found rapidly, as only a
evaluation of Eqs.~17! and~19! is necessary. The minimum
with respect toa and b can be evaluated by a steepest d
scent search, as the surfaceF1

ves(a,b) is smooth.
An estimate of numerical errors is obtained by compar

the volume integral over the numerically found co- a
counterion densities to the number of charges actu
needed to reach electroneutrality. These relative errors
kept to less than 1024 for all the results presented in thi
article.
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